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AN ADVANCE STUDY OF NON-UNIFORM RATIONAL BASIS
SPLINE CURVES & SURFACES
“SUPERQUADRICS”

HEM RAJ YADAV

ABSTRACT

Today various methods exist for object representation. And many new methods are
being introduced day by day for various branches of engineering. Object
representation means the presentation of any object with a maximum accuracy of
size and shape. Whether, the object is 2-D or 3-D, real or imaginary.

Among the basic problems recorded in pre-state of this research is the various
complication in complex design & analysis, such as, need to learn about lots of tools,
settings, and multiple software; lengthy time requirement for engineering design due
to repetitive work; and, expensive and time-consuming design and analysis
procedures. Additionally, quality aspects also put in this section.

To optimize the quality aspects, competition can be seen among such various
methods of object representation. And as a result, there are many computer graphics
software for various object representations. The capability and quality aspects of any
method of object representation depend on the basic phenomenon. Where, the Non-
Uniform Rational Basis Spline Curves and Surfaces (NURBS) is a large group of
curves and surfaces, which able to represent any 2-D structure as well as surfaces;
There, Superquadrics is the large, joint and hybrid family of various shapes and
solids, which able to represent any 3-D object easily using primitive phenomenon.
That’s the interesting reason to choose them in my study, also as | hope they can
change the game of design in various filed of engineering and art; And | feel free to
say it based on this study and its findings.

Thus, the proposed work aims to do a deep study on the Non-Uniform Rational Basis
Spline Curves and Surfaces (NURBS) and especially on Superquadrics. This
research represents several applications for the design and modeling of various
objects used in computer vision, computer graphics, reconstruction, robotics, and
aerospace engineering.

The computer-aided graphics is well known to design, analyze, simulate, and
optimize the different parameters of the quality aspect of the design of complex
structured parts & products. Therefore, the main goal is set to find an optimized
result, to enhance the quality of designs and models of the mechanical and aerospace
industry using it.

The thesis focuses on the superquadrics representation of 3-D complex objects and
multi-object scenes. Three issues motivate this research. First, the representation of a
complex objects or multi-object scenes has not been easy due to their complex
geometry. Second, there is a large scope of the world of superquadric primitives in
computer graphics, but still, limited applications are being found. and third is that
still today after using computer graphics the design and modeling of a complex
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object is a tough task and it not only for beginners but also hard for experienced
engineers, because software operations are not properly set up in their minds due to
tools technical complexity.

In summary, the four main findings are introduced under this thesis, in which one is
that the mathematical modeling is the better method of modeling; second, achieved
variable shapes due to the effect of a variable quantity of grids and polylines called
as Gridded Superquadrics (GSq); third, an introduction of new, third exponent in the
mathematical equations of superquadrics named as Tri Exponential Superquadrics or
Superquadrics with Third Exponent (SQWTE), Thus the new family is also
categorized into Even Superquadrics (ESq) and Odd Superquadrics (0Sq); and
fourth is the range of valid and invalid value of these exponents of superquadrics
equations.

Also, the theoretical and experimental results as well as mathematical analyses are
verified with previously available research. Where, the literature study includes the
study of around hundred of research papers, several books, patents, project reports,
thesis, and web media also, for core and related topics of the subject.

Finally, the thesis concludes a summary and suggests using the superquadrics model
to save much time and cost in the designing and modeling of any complex geometric
structure, parts, and products.

Mathematical representation of tightening aspect of surface joint in geometrical
modeling by using tightness factor to clarify the limit error; Geometrical modeling of
remaining gridded superquadrics i.e. superhyperboloids and supertoroids; and to
summarize all these achieved gridded superquadrics, tri exponential superquadrics;
And make them useful by presenting them in some examples like; There are, some
tasks are being set for future studies and research in the closing of the thesis.
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CHAPTER 1: INTRODUCTION

1.1 General Introduction (GI)

Computer, leave today, seeing its past - present, it seems that tomorrow it will be the
only kingpin and in the future, it will be the only god. Yes, indeed, we can now
easily realize that all people consider it not like a machine but as a dream deity and
also, not only in the imaginary or virtual world but also in the physical and real-
world, It too, Proving impossible things. And, the changing society of living,
working and studying can be seen anywhere due to this.

For Design Engineers, It makes it easier from easy, to draft, design, model, analyze,
represent, manufacture, and other various tasks, just like as for other professionals
and fields.

Today, Computer Graphics is the most important part of all kinds of engineering,
correlated either directly or indirectly. Actually, it has become a part of our life and
not only of business life but also of whole life. Day to day, from waking up to
sleeping, and then till waking up, every moment we need it now. Through various
ways, such as mobile phone, personal computer, office computer, car display, aircraft
avionics, convergence and vision in robotics, space shuttle simulation, satellite image
processing, electronic control units, various computer industry, and many other
places, we can see its applications and requirements. After its invention year i.e.
1960, by Verne Hudson and William Fetter, It has raised its flag in each and every
field.

As we all know, computer-aided design (CAD) is the most important for all design
engineers, and without it, we never find ourselves as a design engineer, No matter
how we are, whatever, but, nonetheless, it seems a bit incompleteness, when we
claim us as a design engineer and do not have the knowledge of Computer-aided
Design. That is also a basic reason to choose the field of study.

3-D design and Modeling, Surface and Solid Rendering, Image Processing,
Computational Geometry, Vision and photography, Animation, Video gaming,
robotics, automation, simulation, animated movie design, stimulation, advertising,
and many others applications are of the computer graphics, Out of that, here our
topic is 3-D Geometrical Design and Modeling (GDM). Such a design or model
depends on various mathematical representations, mathematical analysis, and various
kinds of topology. For example wireframe modeling, surface modeling, and solid
modeling, all have a different mathematical, geometrical, and topological view. As it
is clear by name ‘3-D Geometrical Design and Modeling (GDM), it deals with
mathematics, computational geometry, topological analysis, and computer graphics
for designs and models of various objects. If it is about design, modeling, and its
mathematics, then curve and surface are the two main points of study. And in this
line, if we come forward for advancement, we come to the Non-Uniform Rational
Basis Spline Curves and at depth, we find the Superquadrics. That is the focus of this
thesis.



1.2 Modern Research Issues (MRI)

Despite the extraordinary improvement in designing and modeling procedures, in the
form of its digitalization and many up-gradation of various CAD software, we have
various issues in this field, such as

1.2.1 Various Complexities of Design & Analysis

Various complications, that comes during designing and modeling of complex
objects due to their complex morphology and other specific requirements.

Fig. 1.1 Presentation of the result of various problems and complexities

For example, complications related to curve and control points, that disable us to
make the required micro changes in design, or reduce the control on the parts of
curve and surface, and other aspects related to surface quality due to rendering, and
many other giants and comprehensive issues can be seen during such a complex
design or modeling.

Scramble or Solve

Unmanaged
’ Process
" “lu/!ed

» waste of
Time

Fig. 1.2 Presentation of Time in respect of process, Unmanaged Process resulted in
Waste of Time (WOT), and a Well Managed Process (WMP) produces the Required
Result within a minimum period of Time



1.2.1 Heavy Time Limit of Engineering Design Procedure

Due to the long and lengthy procedure of design and modeling, we encounter time
problem that means for the design of a small part we need some time, while before it
that part had been designed many times by many other people but due to
disarrangement we getting to do that design and like us many other people going to
for same and in such a way there is a heavy loss of time and cost also, But if we
remove it and put that design in a specified data then, it will be so easy, that, we can
use that design frequently without any struggling or doing any work again and again.
This concept is promoted here in this thesis.

1.2.2 Repetitive Design Work

As we have discussed just in the above section, due to the repetition of work we are
losing manpower, energy, time, and a heavy cost. Therefore, it is the giant problem
of today’s global environment of design and modeling world or of the global system
of design and modeling.

I'm not looking to repetitive
please fix it and do the next

Fig. 1.3 Presentation of Repetition Issue of Design Work in Engineering

We need to remove it to avoid such said losses to all of us and all humanity. As per
the key objective of science and technology, we need to work for all i.e. for the
whole world, not for a limited area or some people. Therefore, it is must be made a
unique and globalized world of design and modeling; by which we can save time and
cost also, and enter to a beautiful and highly scientific and technical world, and also
can enhance the economy of the world at a high level, not only of a country and
hence, also can upgrade the living environments.



1.2.3 Technical Complications in case of complex objects

We encounter many kinds of complications during design, modeling, and analysis
(DMAA) of a complex object, such as functional issue, various industrial issue,
standardization, mechanical strength, and structured analysis, electrical capability,
electronics complications, and control related issue, electromagnetic analysis,
manufacturability, testability, output related issue, safety measures, various
environmental conditions, economical issue, regulatory and statutory compliances,
any other approval related issue, and the main thing is a funding issue, which comes
under cost analysis, and also need to take in account one another important issue, i.e.
time problem.

Fig. 1.4 Presentation of Complications Issue in Engineering

These kinds of many issues in the design and analysis of an object and after that, the
setting of the life and many issues come during life of the object or product.
Therefore it is an important aspect for a design engineer to solve this on an easy and
clear way, that is a modern problem that looking to a new, easy and inexpensive
platform or system, that can satisfy to all such issue in a click, within a second and
then can show the easy way to design and modeling of any complex object.

1.2.4 Expensive Process of Design and Analysis

There are a lot of complications and various issues also discussed in the above
section; to handle them, Today, available methods of design and modeling are meet
too expensive, due to the long procedure, more time consuming and complex
procedure, and also due to various testing and analysis requirements.

It is the prime facia of the family of issues related to engineering design, modeling,
and analysis. As a design engineer, we are committed to resolving such cost issues
and reducing the cost of design, modeling, and analysis (DMAA) procedures in
various ways.



Fig. 1.5 Presentation of economic losses due to the looseness of engineering and
improper use of technology

The work of this thesis presents some unique findings in that way of resolution to
reduce the cost of engineering design, modeling, and analysis (E-DMAA).

1.3 Literature Survey and Review (LSR)

Further, in the way of resolving to discussed issues in the above section, we studied
many papers, after setting our focus on some key and specific centroids; such as
morphological, topological, geometrical issues, that consuming more cost and time
during the design, modeling, and analysis (DMAA) of any complex objects. And, as
discussed earlier in previous sections about the topic of the thesis in such a field, i.e.
in Geometrical Design and Modeling (GDM), we present an advance study of Non-
Uniform Rational Basis Spline Curves and Surfaces, and if see in-depth the subtitle
Is Superquadrics. We have studied more than a hundred papers including review
articles, original research papers, technical notes, commentaries, editorials, and
pictorial essays, by which we can find the better solution to such discussed issue of
design engineering. The conclusion of such all these studies is summarized in section
2.1 of next chapter 2, in a sequence i.e. yearly and decade wise. For example in key
papers there are, the seminal paper of Allen H. Barr, 1981, on ‘Superquadrics and its
Angel Preserving Transformation’; His another paper of 1987, for ‘Global and Local
deformations of Solid Primitives’; ‘Segmentation and Recovery of Superquadrics’ by
Ales Jaklic et al; and ‘Superquadrics Revisited Learning 3D Shape Parsing beyond
Cuboids’ by Despoina Paschalidou et al; and many others also are the key papers by
whose study, this work and thesis are reflected [11].

We have done some case studies and shortlisted main points with a discussion
respectively in section 2.1 of chapter 2.
1.4 Conclusion of Studies (CoS)

By this LSR we have an idea to the further work as in extension of the superquadrics,
doing its geometrical modeling for various combinations of smaller and higher



parameterization and also for various limit composition. And, finally, we are going
on the same way as discussed also in the last paragraph of section 2.1 of chapter 2.

1.5 Base and Organization of Thesis (BOT)

1.5.1 Thesis Background

As per the MRI and LSR, we directed to plant an organization of operative thesis
work based on superquadrics, it’s mathematical modeling, geometrical modeling,
extensions with the key objectives of improving the surface and solid modeling to
optimize the design of engineering parts and products using computer graphics.

1.5.2 Curves and Surfaces
Here we presented a small introduction to the curves and surfaces to make a theme
for the work, As we know that Curve is also known as Parametric curve and it
divided in

1.5.2.1 Straight Line
The general equation of the straight line is as given below,
ax + by + ¢c =0

Where a, b, ¢ are constants, and x, y are variables.
The relation between variables x, y satisfy all points on the line.

1.5.2.2 Quadratics Curves

A quadratic curve can be created by three distinct points such a curve is called a
spline curve. In addition to a spline curve, a quadratic curve can be defined by two
endpoint and a vector and by three control points forming a control polygon that
encloses a Bezier curve among others

a) Spline Curve with three control points

The spline curve with three control point going through these three points one is start
point and another belongs in the middle and last will be on the endpoint.

b) Spline curve with 2 control points and a vector

A quadratic curve can also be defined by its start and endpoint plus a vector, either at
the start or the endpoint. Such a curve is known as a spline curve with 2 control
points and a vector.

c) Bezier Curve

The Bezier curve, developed by Bezier in the year 1970, has become one of the most
commonly used curves for geometric modeling. Bezier curve is defined by control
points that do not necessarily stay on the curve. The control points form a control
polygon (or characteristic polygon) that determines the shape of the curve. More
specifically, in general, only the first and last control points stay on the curve; in fact,
in this case, they coincide with the start and endpoint of the curve, respectively. The



curve is also tangent to the first and last line segments of the control polygon, which
provides the designer with direct control of the geometric shape of the curve at the
ends. In addition to controlling the tangent vectors of the curves at ends, changing
the control point locations alters the shape of the curve.

1.5.2.3 Cubic Curve

A cubic curve can be written in the following parametric form,

dzx a-3y dzz
dzx aZy dzz
d1x a1y a1z
Aox aOy doz

p(u)z[u3 u®* u 1] = Ujxafyxs

Where matrix A contains 12 (4x3) unknown coefficients

a) Spline Curve with four control points
A cubic curve with 4 distinct control points is known as a spline curve with four
points.
b) Hermit Cubic Curve with two endpoint and two vector
Similar to the quadratic curve, a cubic curve can also be defined by its start and
endpoint plus tangent vectors at the start and endpoint, which is called a hermit curve
with two points and two vectors.
c) Cubic Bezier Curves
e They always pass through the first and last control points.
e They are contained in the convex hull of their defining control points.

e The degree of the polynomial defining the curve segment is one less than the
number of defining polygon point.

e A Bezier curve generally follows the shape of the defining polygon.

1.5.2.4 Basis Spline Curves

A B-spline or basis spline is a spline function that has minimal support with respect
to a given degree, smoothness, and domain partition. Any spline function of a given
degree can be expressed as a linear combination of B-Splines of that degree.

d) Uniform Basis Spline Curves

Uniform cubic B-spline curves are based on the assumption that a nice curve
corresponds to using cubic functions for each segment and constraining the points
that joint the segments to meet three continuity requirements

e) Closed and uniform Basis Spline Curves

The curve shown above is an open B-spline curve, in which the start and end control
points do not coincide. Uniform B-spline curves are well suited for modeling part



geometry of a smooth closed profile. In this case, its control polygon must be closed,
which can be achieved by simply aligning the first and the last control points.

1.5.2.5 Non-Uniform Rational Basis Spline Curves

Similarly, the family of surfaces is classified as parametric surface and B- Spline
Surfaces, in Parametric surfaces there is 4 type of surfaces as listed below while in
B- Spline surfaces only the B —Spline type is available.

1.5.2.6 Parametric Surfaces

A parametric surface is a surface in the Euclidean space R3, which is defined by
parametric equations with two parameters. Parametric representation is probably the
most general way to specify a surface. The curvature and arc length of curves on the
surface, surface area, differential geometric invariants such as the first and second
fundamental forms, Gaussian, mean, and principal curvatures can all be computed
from a given parameterization. Due to their generality, parametric surfaces are
widely adopted in geometric modeling for support of product design and
manufacturing, among many other applications.

a) Bi-cubic surfaces patch
A bi-cubic surface patch can be defined in terms of cubic polynomials.

b) 16-Point Surface patch

A bi-cubic surface patch can be created by 16 distinct points arranged in a 4x4 matrix
form.

c) Coons Patch

Coons patch (named after Steven Anson Coons, 1912-1979) is a bi-cubic parametric
surface formed by four corner points, eight tangent vectors (two vectors in u and w
directions, respectively, at each of the four corners), and four twister vectors at the
respective four corner points.

d) Bezier Surface Patch

Bezier surfaces are a species of mathematical spline used in computer graphics,
computer-aided design, and finite element modeling. As with the Bezier curve, a
Bezier surface is defined by a set of control points.

Some other type of surface-based on geometry come such as,

e) Cylindrical Surfaces

As discussed earlier, in geometric modeling, a cylindrical surface can be considered
as sweeping a straight line along a path curve. A cylinder has two-level or flat
surfaces that are equal in surface area, coupled with a curved tubular (non-flat)
surface through its height.



f) Ruled Surfaces

A ruled surface is defined by two path curves on the opposite sides of the surface, in
which the trace of a straight line with its start and endpoint pass through the
respective path curves with the same parametric value generates a ruled surface. A
ruled surface can be described as the set of points swept by a moving straight line.
For example, a cone is formed by keeping one point of a line fixed whilst moving
another point along a circle. A surface is doubly ruled if through every one of its
points there are two distinct lines that lie on the surface.

g) Loftor Blend Surfaces
When we loft a solid or surface feature using more than two sketch profiles, we
generate a loft (or blend) surface, instead of a ruled surface.

h) Revolved Surfaces
When we sketch a profile and revolve it along an axis, the trace of the profile forms a
revolved surface or surface of revolution

1) Sweep Surfaces
The trace of moving a profile curve along a path (or trajectory) curve is called a
sweep surface.

1.5.3 Solid 3-D Design and Modeling

Basis methods for representing solid modeling are known as wireframe, surface, and
solid forms. Another classification of solid modeling is of two types which are
known as major modeling methods and named Constructive Solid Geometry (CSG)
and other is boundary representation (B-Rep).

1.5.4 Computer Graphics and Modern Software

As we all know that today computer graphics become a part of our life in various
ways and applications. For example, In Television, computers, Mobile phones and
other many places we can see the use of computer graphics. Basically, it categorized
into two categories one is Raster Graphics and the other is Vector Graphics. The list
of some modern software for engineering design, modeling, and analysis kind of
work, are given as below,

Table 1-1 List of Software

Name Description

Advance Design BIM Software for FEM structural analysis

BIM & 3D modeling software applied for

ArchiCAD . . .
civil & structural engineering

Simulation and multiphysics applied for

COMSOL Multiphysics . .
structural engineering

Advanced non-linear structural analysis

Extreme Loading for Structures
software




FEATool Multiphysics

Simulation and multiphysics applied for
structural engineering

FEM software program providing advanced

FEMtools analysis and scripting solutions for
structural engineering

EreeCAD An open-source SWIS.S Arn"!y knife qf
general-purpose engineering toolkits

MathMod For Geome.tr|cal n."lodelmg using
Mathematical Script

Matlab For Simulation and modeling

MicroStation

BIM & 3D modeling software applied for
civil & structural engineering

OpenSees Earthquake engineering software
Realsoft 3D General 3D analysis and design software
. BIM & 3D modeling software applied for
Revit . . .
civil & structural engineering
RFEM 3D structural analysis & design software
- Structural verification and code-checking
DC Verif
SDC Verifier according to different industrial standards
Multiphysics simulation (CFD, FEA, Thermal
SimScale Analysis) applied for structural and civil
engineering
SketchUp BIM & 3D modeling software applied for

civil & structural engineering

Tekla Structures

BIM & 3D modeling software for civil &
structural engineers

Actcad

For Engineering Design and / or Modeling

AgiliCity Modelur

For Engineering Design and / or Modeling

Dassault Systemes CATIA

For Engineering Design and / or Modeling

Dassault Systemes SolidWorks

For Engineering Design and / or Modeling

Kubotek KeyCreator

For Engineering Design and / or Modeling

PTC PTC Creo (formerly known as

Pro/ENGINEER)

For Engineering Design and / or Modeling

Siemens Solid Edge

For Engineering Design and / or Modeling

Trimble SketchUp

For Engineering Design and / or Modeling

Alibre Design For Engineering Design and / or Modeling
AutoCAD For Engineering Design and / or Modeling
Autodesk Inventor For Engineering Design and / or Modeling
AXSTREAM For Engineering Design and / or Modeling

Bentley Systems - MicroStation

For Engineering Design and / or Modeling

BricsCAD For Engineering Design and / or Modeling
Cobalt For Engineering Design and / or Modeling
Draftsight For Engineering Design and / or Modeling
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IRONCAD For Engineering Design and / or Modeling
IntelliCAD For Engineering Design and / or Modeling
MEDUSA For Engineering Design and / or Modeling
Onshape For Engineering Design and / or Modeling
ProgeCAD For Engineering Design and / or Modeling
Promine For Engineering Design and / or Modeling
PunchCAD For Engineering Design and / or Modeling
Remo 3D For Engineering Design and / or Modeling
Rhinoceros 3D For Engineering Design and / or Modeling
RoutCad For Engineering Design and / or Modeling
Siemens NX For Engineering Design and / or Modeling
SketchUp For Engineering Design and / or Modeling
SpaceClaim For Engineering Design and / or Modeling
T-FLEX CAD For Engineering Design and / or Modeling
TurboCAD For Engineering Design and / or Modeling
VariCAD For Engineering Design and / or Modeling
123D For Engineering Design and / or Modeling
BRL-CAD For Engineering Design and / or Modeling
BricsCAD Shape For Engineering Design and / or Modeling
FreeCAD For Engineering Design and / or Modeling
LibreCAD For Engineering Design and / or Modeling
QCAD For Engineering Design and / or Modeling
OpenSCAD For Engineering Design and / or Modeling
SolveSpace For Engineering Design and / or Modeling

Parasolid by Siemens

For Engineering Design and / or Modeling

ACIS by Spatial

For Engineering Design and / or Modeling

ShapeManager by Autodesk

For Engineering Design and / or Modeling

Open CASCADE Open Source

For Engineering Design and / or Modeling

C3D by C3D Labs

For Engineering Design and / or Modeling

1.5.5 Conclusion and Finalization of the Study Topic

In view of the above MRI, and advancement of NURBS and Superquadrics we
decided to focus on such topics. And therefore, finalized to do the various study,

testing and experiments based on such topic.

1.6 Non-Uniform Rational Basis Spline Curves and Surface (NURBS)

A parametric curve, capable to draw geometric entities with curvature, for example, a
circle or any conic curves or their parts, is known as Non-Uniform Rational Basis
Spline Curve (NURBS), which is one of the most versatile and general curves

employed for geometric design and modeling.

The General Equation of NURBS are given below,
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And
N; (w)'s are the basis functions of the B — spline curve

W;is the wieght function associated with i*" control points P;and

n + 1is the total number of control points [7].

Fig. 1.6 An Example of NURBS

| have studied many kinds of works related to the geometry & graphics for example
research /review papers, books, patents works, and other online resources. Where it
is clear that there abroad works have been done in the past and currently a
competitive environment can be seen in the design & development of curves and
surfaces to achieve an enhanced quality of product and the lowest deviation between
the virtual design and actual production using Computer Graphics.

Before computers, designs were drawn by hand on paper with various drafting tools.
Rulers were used for straight lines, compasses for circles, and protractors for angles
[9]. But many shapes, such as the freeform curve of a ship's bow, could not be drawn
with these tools. Although such curves could be drawn freehand at the drafting
board, shipbuilders often needed a life-size version that could not be done by hand.
Such large drawings were done with the help of flexible strips of wood, called
splines. The splines were held in place several predetermined points, called "ducks";
between the ducks, the elasticity of the spline material caused the strip to take the
shape that minimized the energy of bending, thus creating the smoothest possible
shape that fit the constraints. The shape could be tweaked by moving the ducks
[103].

In 1946, mathematicians started studying the spline shape and derived the piecewise
polynomial formula known as the spline curve or spline function. I. J. Schoenberg
gave the spline function its name after its resemblance to the mechanical spline used
by draftsmen [103].
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Fig. 1.7 Conic Curves and Surfaces designed on geogebra.org

As computers were introduced into the design process, the physical properties of
such splines were investigated so that they could be modelled with mathematical
precision and reproduced where needed. Pioneering work was done in France by
Renault engineer Pierre Bezier, and Citroén's physicist and mathematician Paul de
Casteljau. They worked nearly parallel to each other, but because Bezier published
the results of his work, Bezier curves were named after him, while de Casteljau’s
name is only associated with related algorithms.

At first, NURBS were only used in the proprietary CAD packages of car companies.
Later they became part of standard computer graphics packages.

Real-time, interactive rendering of NURBS curves and surfaces was first made
commercially available on Silicon Graphics workstations in 1989. In 1993, the first
in